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Abstract 

We prove that if a function / G L p (R d ) has vanishing periodizations 
then \\f\\pi < ||/||pj provided 1 < p < and dimension d > 3 



1 Introduction 

Let / G L 1 (M <i ). Define a family of its periodizations with respect to a rotated 
integer lattice: 

for all rotations p G SO(d). We have a trivial estimate ||<? p ||i < ||/||i and 
g~p(m) — f(pm) where m = (mi, m^) £ % d . The author has shown recently 
that g p is in L 2 ([0, l] d x 50(d)) if and only if / e L 2 (R d ), provided the di- 
mension d > 5. The requirement / G i 1 (R d ) can be replaced by / e L p (M d ) 
for a certain range of p, see for details ([6]), ([7]). 

The main object of our research will be functions / whose periodizations 
g p identically vanish for a.e. rotations p G SO(d). It is equivalent to the 
statement that / vanishes on all spheres of radius \m\ = (mf + ... + m 2 ^ 
where m G 1 d . Such functions are closely related to the Stcinhaus tiling set 
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problem ([4]), ([5]): does there exists a (measurable) set E C R d such that 
every rotation and translation of E contains exactly one integer lattice point? 
M. Kolountzakis ([4]) showed that if / <G L 1 and \x\ a f(x) € L 1 for a certain 
a > and / has constant periodizations then / G L 1 when dimension d = 2. 
M. Kolountzakis and T. Wolff ([5], Theorem 1) proved that if periodizations 
of a function from are constants then the function is continuous and, 

in fact, bounded, provided that the dimension d is at least three. We will 
generalize the last result for functions / in L 1 ^) n i p (K d ): 

Theorem 1 Letd>3 and f e L 1 (R d )nLP(R d ), 1 < p < has identically 
vanishing periodizations then f e L p (R d ): 

\\f\\ P > < c||/|| p 

where C depends only on d and p. 

The main reason why the dimension d > 3 comes from the famous Lagrange 
theorem saying that every positive integer can be represented as sums of four 
squares and actually from the fact that every integer of form 8fc + 1 can 
be written as sums of three squares. Since relatively few integers can be 
represented as sums of two squares, we will show in Section 3 that the result 
of M. Kolountzakis and T. Wolff doesn't hold if d = 2 and that is why there 
is no theorem for d — 2. Another reason why the dimension d > 3 is because 
we consider the family of periodizations with respect to the SO(d) group of 
rotations. It leads to estimates involving the decay of spherical harmonics. 
The rate of decay for d = 2 is not fast enough although it is almost fast 
enough. That is why for d = 2 the range of p in the theorem becomes empty: 
1 <p < 1. 

Remark 1 There is no essential difference between the case of identically 
vanishing periodizations and the case of g p being trigonometric polynomials of 
uniformly bounded degrees for all p € SO(d). 

Corollary 1 If p < r < p' then under the conditions of Theorem 1 

ll/llr < qi/llp 

where C depends only on d and p. 

We will show in Section 3 that this range of r is sharp. 

We will use the notation x < y meaning x < Cy, and x ~ y meaning that 
x < y and y < x for some constant C > independent from x and y. 
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2 Proof of the theorem 



Define the following functions h, h 1 ,h 2 :R d x R+ — > C 

h(y,t) = J my 27ry< da t (0 (2) 

= / f(x)da t {y - x)dx (3) 

= / f(y - x)da t (x)dx, (4) 



hi(y,t) = / f(y - x)da t {x)dx, (5) 

J|x|<l 



h2(y,t)= f(y - x)da t (x)dx (6) 

J|x|>l 

where rf<x t is the Lebesgue surface measure on a sphere of radius t. Clearly, 
h = hi + h 2 . To proceed further we will need certain technical estimates 
associated with h\ and h 2 proven in two lemmas below. The proof of the 
theorem itself starts after Remark 2 to Lemma 2. The Fourier transforms 
in these two lemmas below are taken with respect to variable t, except in the 
second part of the proof of Lemma 2. LP norms are taken over variable y. 
We will apply some technique from M. Kolountzakis and T. Wolff ([5]) and 
O. Kovrijkine ([6], [7]). 

Lemma 1 Let q : R — > R be a Schwartz function supported in [|,2] ; let 
f e L p (R d ) where 1 < p < 2 and let b e [0, 1). Define H lfN : R d x R -» C 



Then 



H hN (y,t) = -^=h 1 (y,Vt + b)q(^^). 



EEii^(^)iip'^ c n/iip ( 7 ) 



where C depends only on q and d. 

Proof of Lemma 1: 

It will be enough to show that 



£HiW^)ll P '<^- (8) 
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We have 



C f d k 

\H^ N {y,v)\ < J \g^H hN (y,t)\dt 



(9) 



for v 7^ 0. Applying Minkowski's inequality to (9) we have 

\\HiMy^)\\ P ' < OfJ \\^H hN (y,t)\\ LP , {dy) dt. (10) 

We need to estimate the integrand on the right side of (10). To do so we will 
first estimate the LP norm of derivatives of hi(y, t) when t > 1: 



\ W h 1 {y,t)\\ P '<t d - 1 \\f\\ P 



(11) 



with an implicit constant depending only on k and d. In order to obtain (11), 
rewrite the definition of hi (5) in the following way: 



hi(y,t) 



\x\<l 



f(y - x)d<j t {x)dx 



= t^ 1 f f(y - x) ■ X{ , X |< 1} / e- i2 ^da(0dx, 

differentiate the last equality k times and apply Young's inequality. 
We can easily prove by induction that 
d k fhiiVt + by 



dt k 



* hf(VtTb) 

^ ' l ' k (Vt+~b) 2k+1 - 



i=0 



VtTS 

Combining (12) and (11) we obtain for t ~ N 2 

< CN d - k - 2 



(12) 



.. dt k \ Vt + b 
with C depending only on k and d. 



p' 



Since q(^p-) = q{s/¥TV) = q(f) with t' = £ and b' = ^ 
is a Schwartz function supported in t' ~ 1, we have 



(13) 



and g(i') 



= N~ 



'dt ,k 

< CN- 2k 



(14) 
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with C depending only on k and q. 



q(^JT^~) i s supported in t ~ iV 2 hence we obtain from (13) and (14) that 



dt k 



Hi,N(y,t) 



p' 



d*_ ( h 1 {y,s/t + b) VtTb 
dt k V VtTb q( N 



< CN d - 2 - k \ 



(15) 



with C depending only on k, d and q. Since H 1 ^{y 1 t) is also supported in 
t ~ N 2 we have 



jd—k I 



J \\^H liN (y,t)\\Lv'( d y)dt<CN d 
Substituting the above estimate to (10) we obtain 



(16) 



for every v ^ 0. 

Summing (16) over all v ^ and putting k = d + 1 we get our desired 
result 



Eii^m 



< 



cm 

N 



where C depends only on q and d. Sum over dyadic TV to obtain the statement 
of the lemma. □ 



The next lemma will be proven in the spirit of the Stein- Tomas restriction 
theorem ([1], p. 104). 

Lemma 2 Let q : M — > R be a Schwartz function supported in [^,2], let 
f G L p (R d ) where 1 < p < ^ and let b e [0, 1). Define H 2 . N :l d xl^C 



H 2 ,N(y,t) = -^=h 2 (y,VtTb)q(^^). 



Then we have 



EiiE^,2.(y^)ii P '<cii/ii P 



(17) 



with C depending only on p, q and d. 
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Proof of Lemma 2: 

We have 



H 2iN (y,t)e- i2vvt dt 



= 2e l2 ™ b J Nq{t)h2(y,tN)e- l2 ™ (m)2 dt 

= 2e a ™ b ( Nq{t)e- i2 ™( m ? f f{y-x)db^ t {x)dxdt 

J J\x\>l 

= 2e i2 ™ b [ f(y-x) [ Nq{t)e- l2lT ^ Nt ^ {Nt) d - 1 d^{Ntx)dtdx{18) 

J\x\>l J 



l\x\> 

= (D N , v *f){y) 

where 

D N . v (x) = 2e^ b X{lxl>1} J Nq(t)e- i2 ™W 2 {Nt) d - 1 da{Ntx)dt. (19) 
Denote by 

K v {x)=Y,D*A x )- ( 2 °) 

l>0 

We need to estimate 

\\^2H2,2'(y,v)\\ P ' = \\K„*f\\ p >. 

l>0 

If p' = oo or p' = 2 we have 

||*W||oo < ll^l|oo||/||l 
||^*/|| 2 < II^IU||/||2. 

First we will show that 

H^Hoo < ||£|02«,„IO«OI|oo 

< C\v\-t. (21) 

To do so we need to estimate D^,v 

We will use a well-known fact that da(x) — Re(B(\x\ j) with B{r) = 
a{r)e t2 ^ r and a(r) satisfying estimates 

\a k (r)\ < -J— (22) 

7* 2 ' 
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with C depending only on k and d. Now we will estimate the integral in (19) 
with instead of da(x) 



1 



Nq(t)e~ t2 ™ {Nt) {Ntf^aiNlx^e^^dt 

q ^) e -i^HNtf t d-l a ^ x ^ N ^^^2nN\ x \t M 

^L e i27r ^ f q{t)a{N\x\t){N\x\) d -^t d - l e- i2 ^ N ^-^ 2 dt 

\X\ 2 J 

T e i2 ^ U(t,\x\)e- i2 ^ N2 ^-^ 2 dt (23) 



,r d + 1 

iv— 



PI 2 

, d+l 



where <fi(t, \x\) — q(t)a(N\x\t)(N\x\)^~ f 1 " 1 is a Schwartz function with re- 
spect to variable t supported in [|,2] which is bounded, together with each 
derivative uniformly in t, \x\ > 1 and N because of (22). Note that we used 
here the fact that iV|ar| > 1. We can say even more. Let \x\ = c-r where c > 2 
and r > \. Then all partial derivatives of <p(t, c ■ r) with respect to t and r 
are also bounded uniformly in t, r, c and N. Hence <j>(t, c ■ t) is a Schwartz 
function supported in [^,2] which is bounded, together with each derivative 
uniformly in t, c and N. We will use this fact later to estimate K v . 

Fix some \x\ > 1. In the calculations below we will write just <j>(t) instead 
of (j)(t, \x\) for simplicity. From the method of stationary phase ([3], Theorem 
7.7.3) it follows that if k > 1 then 



0(t)e^™ 2 (*-^) 2 dt-|j c ,(^ 2 )^-^^)(J^L)| <c k (\v\N 2 )- k -? (24) 



K 2vN' 

3=0 



where Cj are some constants. 



Since (f> is supported in we conclude from (24) that 



12 

x\ n2 



6(t)e- i2 ^-Wdt\ < { C ^ N ^~ h if N& 



f C(|z^|A^ 2 )-* if Ne ^ 



Replacing in (19) da(x) with g (N)+g(M) it follows from (25) that 

! ■ (26) 

The number of dyadic N G [^f, M] [ s a t most 3. Therefore choosing k > 
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and summing (26) over all dyadic N we have 

\K v {x)\<^2\D 2 , iV (x)\<C\u\ 



l>0 



with C depending only on d and q. Thus we proved (21). 
Now we will show that 



|^||=o<HX;i^2',J(l/)ll=o<C. (27) 



Since supp <f> € [5, 2] we can re- write (24) for a stronger version of the method 
of stationary phase ([3], Theorems 7.6.4, 7.6.5, 7.7.3) 

where Cj are some constants. Therefore, if v > 0, 

^W=X { |x|>i}-^e^^^ Cj (^)-i-l^)(J^L) + ^ (a; ) (28 ) 



a; 2 



d+l . 2 \— *-i 

where |0k(a;)| < X<\x\>i} IL ^r C ' ^ * ■ If f < then just replace 

|x| 2 max^i, gjYj^j J 

<P {2j) (Mf) with ^ (2j) (-2^v)- We further assume that v > 0. Choosing 
fc > ^±2 we have 

Halloo < \\4>k\\i 

= J \4> k \dx+ J \(j} k \dx 

\x\<SuN \x\>8uN 

< ^ (29) 

where C depends only on d and q. We can ignore X{|a;|>i} in front of the sum 

in (28) because if € [5,2], then \x\ > vN > 1. We will consider only the 
zero term in the sum. The other terms can be treated similarly. The Fourier 
transform of 

d+l . . 

at point y is equal to 

7v^(2i,iv)^(wv 2 )-^ / ip(\x\y 2 ™ N2 w 2 e-^ 2 » Nx -ydx = 

C{vN 2 )ie- a ™^ 2 [ ^{\x\y^ vN ^ x -^\ 2 dx (30) 
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where ip(t) = <f){t, 2vNt)t~^ is a Schwartz function supported in whose 
derivatives and the function itself are bounded uniformly in t, v and N (see 
remark after (23)). The same is true about partial derivatives of ^(M)- 
Applying the stationary phase method for M. d ([3], Theorem 7.7.3) we get 

l L nXl)e dA -\c k {vN*y*-i ifA^[M 2 |,|]- ( 31 ) 

Therefore the absolute value of (30) can be bounded from above by: 



< [C ifJVG[M 2|y|] 

" ' C k (vN 2 )- k if N£ [M,2|r J1 ' 



Similar inequalities hold for Fourier transforms for the rest of the terms in 
the sum in (28). The number of dyadic N G [^-, 2|y|] is bounded by 3. Using 
(29), choosing k > 1 in (32) and summing over all dyadic N we get 

El^»l<C (33) 

with C depending only on d and q, provided v ^ 0. Thus we proved (27). 
Using (21) and (27) and interpolating between p = 1 and p — 2, we obtain 

P^*/|| P '<qH- ap ll/llp (34) 

where a p = f^p- ctp > 1 if p < Summing (34) over all v ^ 0, we get 

the desired inequality 

EiiE^,2»(»,i/)ii P '<cii/ii p . 

i/^O l>0 

□ 

Remark 2 It is clear from the proof that we have the same inequality if the 
summation over I > is replaced by summation over any subset of nonnegative 
integers. 

Now we are in a position to proceed with the proof of the theorem. Let 
q : R — > K be a fixed nonnegative Schwartz function supported in [|, 2] such 
that 

q{t) + q(t/2) = 1 

when t e [1,2]. It follows that 

E<4) = 1 ( 35 ) 
;>o 
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when t > 1. Define 

*>(*) = 1 - 

z>o 

for t > 0. It is clear that </o(M) is a Schwartz function supported in | cc | < 1. 
Let V(t) = qo{t) + q(t) then 

i k t 

Mt) = 4>( ¥ ) = qo(t) 

Z>0 

and f/'d^l) is a Schwartz function supported in \x\ < 2 such that VKM) = 1 if 
I a; | < 1. Therefore 

" f{x)e 2 ™-y^)dx = {f*^ k ){y) 

converges to / in L p as k — > oo. To prove that / e L p and < it 

will be enough to show that 

||/*^||p'<qi/||p 

since the claim will follow by an application of Fatou's lemma to a subse- 
quence of / * Tpk converging a.e. to /. 

We have 

k 

= if*q )(y) + J2[f(x)e 2 -y q (^)dx 

k °° 

(>0 Q 

k 00 

= (/*<fo)(j/)+]T f q(^)h(y,t)dt. (36) 
( >° o 

Applying Young's inequality we estimate the first term: 

\\f*qo\\r><\\f\\p (37) 

for 1 < p < 2. Now we have to estimate the sum over I. 

It is a well-known fact from Number Theory proven by Lagrange that 
every positive integer can be repersented as sums of four squares ([2], p. 25), 
moreover there exists an infinite arithmetic progression of positive integers, 



10 



e.g., 8n + 1, which can be represented as sums of three squares ([2], p. 38). 
We will use only the latter fact. Therefore, rcscaling we can assume that / 
vanishes on all spheres of radius \Jn + b where n is a nonnegative integer and 
< b < 1 is a fixed number. Therefore h(y, yjn + b) = for all y € M d . 
Making a change of variables and keeping in mind that q is supported in [5, 2] 
we re-write every term in the sum in the following way: 

00 

/t f 1 \ft I b 

q(-)h(y,t)dt = J -^= q (^-)h(y,y/t + b)dt. 



An application of Poisson's summation formula gives us 



= / 



-T==q(^p-)h{y, Vt + b)dt + J2 Hi,n(v, + H2-N(y, v) 
where 

H itN (y, t) = -^= q (^^-)h i {y, Vt + b), i = 1, 2. 
Applying Lemma 1 and Lemma 2 with Remark 2 we bound the sum: 

k 00 k 

II E I *^)Kv,W\\* < EEH^(y^)llp' + EllE^(2/^)ll P ' 

Z>0 '>0 f^O v^O l>0 

< c\\f\\ p . 

Combining (36), (37) and the last inequality we obtain the desired result 

||/*^|| P '<qi/|| P 

from which the statement of the theorem follows. □ 

Remark 3 We say that a function f € L p has vanishing periodizations if 
there exists a sequence of Schwartz functions fk with vanishing periodizations 
converging to f in LP . It follows from Theorem 1 that f £ LP and fk 
converge to f in L p if dimension d>3 and 1 < p < . 
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3 Counterexamples and open questions 

Theorem 1 does not say what happens when d = 1 and d = 2. 

d = 1 is not an interesting case. We can easily construct examples of 
functions / with vanishing pcriodizations such that their L' p norms are not 
bounded by their L q norms for any given pair of p ^ q. 

When d = 2 Theorem 1 docs not hold. More precisely Lemma 3 
below shows that if 1 < p < 2 then the following inequality docs not hold for 
functions with vanishing periodizations: 

II/IIp' < II/IIp- 

In this lemma we will deal with a sequence of functions /„ such that /„ vanish 
on all circles of radius \Jl 2 + k 2 . Denote by X 2 the Banach space of functions 
from L 1 (R 2 ) whose Fourier transforms vanish on all circles of radius \Jl 2 + k 2 



X 2 = {/ e L^M 2 ) : /(r) = if |r| = ^l 2 + k 2 , (k, I) e z 2 }. 

The next lemma crucially depends on the following fact from the Number 
Theory ([2], p.22): 

The number of integers in [n, 2n] which can be represented as sums of two 
squares is ne n where e„ < ^ t ) 2 - — > as n — > co. 
We only use the fact that lime„ = 0. 

Lemma 3 Let 1 < p < 2 and d = 2 then there exists a sequence of Schwartz 
functions f n e X 2 such that 

Urn ll/n|lp ' - - 



n^oo 



\\fn\\ P 



Proof of Lemma 3: Let a\ < a 2 < a$ < ... be the enumeration of num- 
bers a m — \Jl 2 + k 2 in ascending order. Denote S m = «m+i — a m . As we 
already said the number of a m in [y/n, 2y / n] is ne n . Let a mo and a mi be 
correspondingly the smallest and the largest such a m . Then 

mi —1 

^2 S™= a mi - am ~ ^fn. 

m—mo 

Let 

6 = (38) 
Vne n 
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with small enough constant C > so that if 



M = {m, m < m < mi : 6 m > S} 

then 

since mi — too ~ ne n . Choose coordinate axes x and y. We will construct 
/„ supported in (J i? m where R m is a largest possible rectangle inscribed 

mEM 

between circles of radius a m and a m+ i with sides parallel to the coordinate 
axes. Then R m is of size ~ S m x \/8 m a m > S m x \JlQn > 5 m x 1. We will 
split each rectangle R m further into smaller [^f-] rectangles r of the same size 
~ 5 x 1. The number of these rectangles r is 



mEM 



Am 

(5 



T 

mEM 



A = «£n (39) 



since S m > S for to e M. Enumerate these rectangles rfe, fc = 1,...,N. Let 
rfe be centered at (Afc,0) It is clear that |A/j — A;| > 5 for fc ^ /. Let <j> be 
a nonncgative Schwartz function on R supported in [— |, |]. We have that 

^(a;) > C > when x is small enough. Define /„ as the following sum: 

/„(*,«) = X>(^=^Mj,). (40) 
fe=l 

The fc-th term in (40) is supported in r*,. Therefore, /„ is a Schwartz function 
supported in (J R m . Hence /„ vanishes on all circles of radius a/. Taking 

mEM 

the inverse Fourier transform of (40), we get 

JV 

MZ,r)) = 5fa8)$(ri)Y, eiXh '- ( 41 ) 
fc=i 
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Assume that p' < oo. Then 

f f N 

\Mz,ri)\ p 'd£,d V > ur p y / ms)\ p '\Y, elXki \ p ' d t 

1^1^ 100-1 



> (5 P iV p ' 



l«l< — 
, 1 



To obtain the second inequality we used that 



N N 



k=l k=l 

since |Afc£| < ^. We used (38) and (39) to obtain the last estimate. Therefore 

\\fnh>{^- (42) 

If p' = oo we can obtain in a similar way that 

||/n||oo > |/n(0)| > V^- (43) 

Now we will estimate the L p norm from above. Denote 

N 

k=i 

Since |^^-| > £ = 1 for k ^ I we have 

for any interval / of length At: (see ([8], Theorem 9.1)). Therefore, 

j\9\* < |/| 1_ '(^l5| 2 ) 5 

< ^ 5 (44) 
for any interval / of length At:. Since <p is a Schwartz function, we have that 

1 



< 



1 + x 2 
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Therefore 

/r N 
J fc=i 

(Z+1)4tT 

= CS?- 1 J W.0\ p ■ WOM 

l =-°° Hit 

OO w 

^ (l + l 2 )P 

/ — — CO 

We used (38) and (39) to obtain the last estimate. Therefore 

\\fn\\ P <(Vn)'^ (45) 
Dividing (42) by (45) we obtain the desired result 

\\.fn\\p> > (y/n)> 



ll/n|lp (>/n)'Cn 2 *" 

1 

oo 



2-P 
2p 



as n — > oo since p < 2. □ 
Corollary 2 T/iere ermfc o function f G X 2 si/cft i/iai 

||/IU°°(D(0,1)) = °°- 

It follows immediately from the lemma and (43) that if p = 1 then 

II/I|l«(d(o,i)) 

SUP iifii = °°' 

fex 2 H/Hi 

We claim that there exists a function / € X 2 such that ||/||i,t»(D(o,i)) = 00 ■ 
Suppose towards a contradiction that this is not true. Then the restriction 
operator 

T ■ f — » /|d(o,i) 

maps X 2 to L°°(D(0, 1)). Note that if /„ — > / in L 1 and /„ — > g in 
L°°(D(0, 1)), then / = <? a.e. on -D(0, 1). An application of the Closed Graph 
Theorem shows that T is a bounded operator acting from X2 to i°°(_D(0, 1)). 
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This contradicts to the Corollary 2. Thus we proved our claim. □ 

Obviously, this function / is not continuous. Therefore, it can serve as a 
counterexample to the theorem of M. Kolountzakis and T. Wolff ([5], Theorem 
1) mentioned in Introduction when d = 2. 

Remark 4 However, it is not known whether the following inequality holds 
forfeX 2 : 

ll/lk<||/||p 

where 1 < p < 2 and p < r < p' . 

Now we will show that the range of r in Corollary 1 is sharp. We need 
to check two cases: r > p' and r < p. In the former case the argument will 
be similar to the one in the previous lemma. Therefore we will give only a 
sketch of the proof. We will deal with a sequence of functions /„ such that 
/„ vanish on all circles of radius \Jm\ + ... + m d . Denote by X d the Banach 
space of functions from i 1 (R d ) whose Fourier transforms vanish on all circles 
of radius ymj + ••• + m d 

X d = {fe L 1 (R d ) : />) = if |r| = jm\ + ... + m 2 d , (mi, ...,m d ) e 

We will construct a sequence of Schwartz functions /„ with Fourier trans- 
forms supported outside of spheres of radius yjm. Therefore these functions 
automatically belong to X d . 

Lemma 4 Let 1 < p < 2 and r > p' then there exists a sequence of Schwartz 
functions f n € X such that 

y ll/n||r 
\\jn\\p 

Proof of Lemma 4: A maximal rectangle inscribed between spheres of 
radius ^/n and \Jn + 1 has dimensions ~ ^ x 1 x 1 x ... x 1. Let r^ be 

parallel identical rectangles inscribed between spheres of radius \fn + k and 
\/n + k + 1, where k — 0, 1, .... n — 1, with dimensions ~ A= x 1 x 1 x ... x 1 

and centered at (Afc,0, 0, ...,0). It is clear that \k+i — ~ Let be a 
nonnegative Schwartz function on K. supported in [— j^q, j^q]- We have that 
4>{x) > C > when x is small enough. Define /„ as the following sum: 

n— 1 d 

f n (xi,x 2 ,...,x d ) = ^2<f>((x! - Xk)Vn)Y[(p{xi). (46) 

k=0 1=2 
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The k-th term in (46) is supported in rfe. Therefore, /„ is a Schwartz function 
vanishing on all spheres of radius sjm. Taking the inverse Fourier transform 
of (46), we get 

d n—1 

f n (y u y 2 , y d ) = [] ^^A) £ ^ ■ ( 47 ) 

1=2 Vn Vn fe=0 

Arguments analogous to those in Lemma 3 show that 

ll/nllr > (V^ 

and 

ll/n|| P <(^- 

Therefore 

ll/nllr- ^ , / \ -^7 — — 

as n — > oo since r > p' . □ 
The case when r < p is very simple. Let 

/» = 0(^) 

where (/> is a Schwartz function supported in B d (0, 1) so that / is supported 
in a small ball B d (xo, e) placed between two fixed spheres of radius y/n and 
y/n + 1. Then f(y) = e d <j)(ey) and 

ll/llr ^ 

' OO 



II/IIp 

as e — > since r < p. Note that we didn't put any restriction on p here. 

Now we will show that Theorem 1 does not hold if p > 2. More precisely, 
let p > 2 and r ^ p then the following inequality is not true for functions with 
vanishing periodizations: 

ll/Hr<||/|| P . 

We just considered the case when r < p therefore we need to consider only 
the case r > p. The argument is almost the same as in Lemma 4. We 
can construct a sequence of Schwartz functions /„ with Fourier transforms 
vanishing on all spheres of radius yjm and such that ||/n||r > (V™)~ an d 
\\fn\\ P < \\fn\\ P > < (V^y- Therefore 

ll/nllr- ^ , r a_I 

— — > {Vn)p - -> oo. 

1 1 Tn 1 1 p 
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Remark 5 Since Theorem 1 trivially holds for p = 2 it is natural to expect 
that it should hold for 1 < p < 2. It is unknown whether the Theorem 1 
holds for -jjp2 < P < 2 - 

Another interesting question is whether the following is true: 

II/IIp<II/IIp (48) 

for some range of p < 2 if / has vanishing pcriodizations. It would then follow 
that 

WfX < ll/llp (49) 

for p < r < p' . All we know from Theorem 1 is that (49) holds when 
2 < r < p', 1 < p < and d > 3 since ||/|| 2 < ||/|| p . 

Our final open question is whether the following inequalities are true for 
functions with not necessarily vanishing periodizations g p : 



and 



ll/ll P <<ll/ll P + IMI P < 
NI P '<II/II P + II/II P < 



for some range of p < -^p. where 



\\9\\ P > = 



J \\9 P \\ P p ,dp 
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